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replacement operators, whose general definition will be given below, together with
the identity operator e that may be regarded as the zero-body operator, form a very
convenient basis of the so-called universal enveloping algebra of U(m). Let us only
say that in contrast to the U(m) Lie algebra, the universal enveloping algebra of
U(m) is an sssociative algebra, and that the basis {e,e3, 5, -} is distinct from the
well-known —uomun.-um.wm-rro:..im: basis representing a standard basis for universal
enveloping algebras, and possesses rather remarkable properties (see, c.g., Gould et
al., 1990).

We thus generalize the two-body replacement operators (13) and define a general
r-body replacement operator

ey = XL XL XL X X X, (14)

Clearly, when employing a finite dimensional one-particle space Vi, the higher than
m-body replacement operators will vanish.

We next investigate some basic properties of these operators and of the universal
enveloping algebra they span. , , ,

2.3. Algebra of replacement operators
We first observe that in view of the anticommutation properties of creation and
annihilation operators, Eq. (1), the replacement operators (14) are invariant with
respect to any simultaneous permutation of their upper and lower indices, and change
at most their phase when the subscripts or the superscripts are permuted among

"themselves, i.e. -
RN = i = (CIPER N (15)
where p designates the parity of the permutation P, P : i — pi (i=1,...,r). For

example, in the two-body case, we have that

"A _ An (2 Ar AHQV

€y = € = TCu T

In order to avoid multiple subscripts it will often be useful to introduce the fol-

lowing simplified notation by designating

Ry Ry Ry 12--7

€y — €120 €

(1)

Thus, for example, the basic commutation property for U(n) generators, Eq. (10),
will take the following form in this notation

T“. n& =6lel, - slel’, (10")

or
[¢he)] = les— 83l . (10")
Equivalently, Eq. (15) will now read as

T = enrr = (<12 (15)

P1P2Pr P1PaPr *

This notation not only avoids multiple subscripts, but also highlights the symmetry
properties of our relationships.

To verify that the replacement operators provide a basis of the universal envelop-
ing algebra of U(m) and to derive an equivalent recursive definition for them, we
investigate general products of these operators. Clearly, just as the product of two
one-body operators yields a two-body operator, Eq. (12), the product of a two-body
and a one-body operator should yield a three-body operator. Indeed,

51| yl .
elell = emmel = X! X! X, X, Xo Xo

X!, X, X (8), = X3 X)X,

I

X3, X1, (8), - X3 X,,) X, Xy, + 8. X! X!, X, X, (18a)

XL X0 X3X, X, X, + 8L XL XL X X, + 8, XL XL XX,

Nl

121 1,12 1,12 -
el + 8 eth + 8 e,
and, similarly, ;
1,12 _ G112 1,112 2 .11
eye;z =énzt liels + 8lien; (
18b)
— pl21 1,12 2 11
= eldl + Shels + 6

In general,

&
12k 1 _ 12kl 1 12
eiz ey = ez + Mum.. eys (19)
=
. . ' vos
and similarly for elel?k.

We can thus define the higher order replacement operators recursively, namely

k

12-k(k+1) _ _12--k k+1 k41 12-8 k& o\
€12, k(k+1) = €12-kCkt1 T Mua.. €12 (k41)-h (20)
=1

or, specifically

(3 — PR AR

e =ene, — saer,

Ao omAp _ fPoRA _ SRR
e =enef 8ery 8enr (21)

= ereds — Blert — telr, etc.
Thus, we always contract the superscripts on the right with the subscripts on the
left: the contracted terms are added when multiplying replacement operators and
subtracted when ‘decomposing’ them into a product of two lower-order operators.
This simple rule extends to products of two replacement operators of an arbitrary
order. Thus, for example, for the product of two two-body operators we get
e = A+ B el + 83 el + 6 el + 8 el )
22

+oXr ey + ety

10
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